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Recent experiments have revealed that beyond-mean-field corrections are much more relevant in
weakly-interacting dipolar condensates than in their non-dipolar counterparts. We show that in
quasi-one-dimensional geometries quantum corrections in dipolar and non-dipolar condensates are
strikingly different due to the peculiar momentum dependence of the dipolar interactions. The
energy correction of the condensate presents not only a modified density dependence, but it may
even change from attractive to repulsive at a critical density due to the surprising role played by
the transversal directions. The anomalous quantum correction translates into a strongly modified
physics for quantum-stabilized droplets and dipolar solitons. Moreover, and for similar reasons,
quantum corrections of three-body correlations, and hence of three-body losses, are strongly modified
by the dipolar interactions. This intriguing physics can be readily probed in current experiments
with magnetic atoms.
doi:10.1103/PhysRevLett.119.050403
Introduction.– Quantum fluctuations introduce a
shift of the ground-state energy of a Bose gas, which
at first order is given by the well-known Lee-Huang-
Yang (LHY) correction [1]. However, in the weakly-
interacting regime, experiments on Bose-Einstein con-
densates are well described within the mean-field approx-
imation. The situation may be crucially different in the
presence of competing interactions, as recently discussed
in the context of Bose-Bose mixtures [2]. In that sce-
nario, the interplay between inter- and intra-species in-
teractions results, at the verge of mean-field instability,
in a dominant LHY correction well within the weakly-
interacting regime. The LHY correction may stabilize a
collapsing condensate, resulting in the formation of quan-
tum droplets, a novel ultra-dilute liquid whose surface
tension is provided by purely quantum effects.
Dipolar condensates, formed by particles with large
magnetic or electric dipolar moments, are also character-
ized by competing interactions, in this case short-range
and dipole-dipole interactions. Indeed, recent experi-
ments on highly magnetic atoms have revealed the crucial
role played by quantum fluctuations at the mean-field in-
stability, showing for the first time the formation of quan-
tum droplets [3], which may remain self-bound even in
the absence of external trapping [4]. Quantum stabiliza-
tion and droplet formation have attracted wide theoret-
ical and experimental attention [5–12], being a general
phenomenon that is expected to characterize not only
condensates of magnetic atoms, but the whole rapidly
developing field of strongly dipolar gases [13, 14].
In Bose-Bose mixtures and in dipolar condensates
quantum stabilization stems from the compensation be-
tween the attractive residual mean-field interaction, pro-
portional to the 3D density n3D, and the repulsive LHY
correction, which in both systems is proportional to
n
3/2
3D [2, 15]. As a result, there is a critical density at
which both contributions compensate. Quantum fluc-
tuations play an even more intriguing role in lower di-
mensions. In particular, droplets are stabilized for a
sufficiently low density in 1D Bose-Bose mixtures [16],
against melting rather than collapse, by the competition
of a residual repulsive mean-field term, proportional to
the 1D density n1D, and the attractive LHY correction,
proportional to −n1/21D .
Whereas beyond mean-field effects in 3D Bose-Bose
mixtures and dipolar condensates are very similar due
to the almost identical density dependence of the quan-
tum correction, we show in this Letter that quantum
fluctuations lead in quasi-1D dipolar condensates to a
strikingly different physics compared to their non-dipolar
counterparts. This difference stems from the peculiar
momentum dependence of the dipole-dipole interactions
in quasi-1D geometries [17]. As a result, not only is the
density dependence of the quantum corrections very dif-
ferent, but even its sign may change due to the remark-
able role played by transversal directions in dipolar gases
well within the 1D regime. The anomalous quantum cor-
rections change the nature of quantum stabilization and
strongly influence the physics of solitons. We also show
that, whereas three-body correlations present the same
density dependence in 3D dipolar and non-dipolar con-
densates [18], they display in 1D a radically different de-
pendence.
Dipolar interaction in 1D.– We consider bosons with
mass M and magnetic moment þµD, although our results
also apply for electric dipoles. The system is strongly
confined on the xy plane by an isotropic harmonic trap
of frequency ω⊥, but it is untrapped along z. We assume
that the chemical potential |µ| ¹ ~ω⊥, and hence the
condensate remains kinematically 1D such that its wave
function splits as Ψ(þr) = ψ(x, y)φ(z), with ψ(x, y) =
e−(x
2+y2)/2l2⊥/
√
pil⊥ the ground state of the transversal
trap, with l2⊥ = ~/Mω⊥. After integrating over x and
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2y the interaction between particles in the condensate ac-
quires a momentum, k, dependence of the form
V˜1D(k) = g1D
{
1 + εdd
[
3F
(
0, k2l2⊥/2
)− 1]} , (1)
with F (j, σ) ≡ σj+1eσΓ(−j, σ) [17], where Γ(−j, σ) is
the incomplete Gamma function. Short-range inter-
actions are characterized by the 1D coupling constant
g1D = g3D/2pil2⊥, where g3D = 4pi~2a/M , with a > 0
the s-wave scattering length. Assuming þµD along z,
εdd = µ0µ2D/3g3D is the ratio between the strengths of
the dipolar and contact interactions [19], with µ0 the
vacuum permeability. This 1D condition |µ|/~ω⊥ ¹ 1
demands |1− εdd| ¹ 1/2n1Da, a condition satisfied in all
the calculations in this paper [20].
LHY correction.– Single particle excitations,
(nr,m, k), are characterized by their radial quantum
number nr, angular momentum m, and axial linear
momentum k. In 1D contact-interacting systems
transversal excitations, with (nr,m) Ó= (0, 0), play a
negligible role in beyond-mean-field corrections. This
may be crucially different in dipolar gases. In the
weakly-interacting regime, the main processes involving
condensed and excited particles are sketched in Fig. 1.
A collision between a particle in (nr,m, k) and one in
the condensate (0, 0, 0) (left), preserves both m and k,
but may change the radial number into n′r. On the other
hand two condensed particles may collide (right) and
create excitations in (nr,m, k), and (n′r,−m,−k). Both
processes are characterized by the interaction energy [21](
Uˆm(k)
)
nr,n′r
= g1Dn1DCnr,n′r,mF
(
nr+n′r+m,
k2l2⊥
2
)
,
(2)
where Cnr,n′r,m = 6
(−1)nr+n′r
2nr+n′r+m+1
√(
nr+n′r+m
nr
)(
nr+n′r+m
n′r
)
,
and we have considered for simplicity εdd = 1 [22]. It
is crucial that, although for εdd = 1 the compensation
of dipolar and contact interactions results in an ideal
1D condensate (V˜1D(0) =
(
Uˆ0(0)
)
0,0 = 0),
(
Uˆm(k)
)
nr,n′r
may be of the order of g1Dn1D. Because of this pecu-
liar feature, which stems from the momentum depen-
dence of the dipolar interactions, transversal excitations
play in dipolar gases a key role in quantum corrections if
g1Dn1D & ~ω⊥ despite the 1D character of the conden-
sate.
The elementary excitations may be obtained for each
m and k from the Bogoliubov-de Gennes equations:
ξν
(
þuν
þvν
)
=
(
Eˆm(k)+Uˆm(k) Uˆm(k)
−Uˆm(k) −Eˆm(k)−Uˆm(k)
)(
þuν
þvν
)
,
(3)
where
(
Eˆm(k)
)
nr,n′r
= Enrm(k)δnr,n′r , with Enrm(k) =
~k2/2M + ~ω⊥(2nr +m). Following a similar procedure
(n′r,m, k)(nr,m, k) (nr,m, k)
(nr,−m,−k)
FIG. 1. Dominant collisions between particles in the conden-
sate and in excited states (see text).
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FIG. 2. Λ ≡ ∆µLHY~ω⊥
l⊥
a
as a function of n1Da for an ho-
mogeneous 1D dipolar condensate. The top inset depicts
log10(|Λ|/n1Da) against log10(n1Da), showing that ∆µLHY ∝
n1D for n1D → 0. The bottom inset shows ∆ELHY/N as a
function of n1Da.
as in Ref. [23] the LHY energy correction, ∆ELHY, may
be obtained from the differential equation [21]:
∆ELHY
L
− 12n1D
d
dn1D
(
∆ELHY
L
)
=12
∑
m
∫ ∞
−∞
dk
2pi
∑
ν
∑
nr
[Enrm(k)− ξν ] (þvν)2nr , (4)
with L the quantization length [24]. Figure 2 shows
the LHY correction of the chemical potential, ∆µLHY =
d
dn1D
(∆ELHY
L
)
, for different g1Dn1D/2~ω⊥ = n1Da.
For n1Da ¹ 1, the effect of the transversal modes is,
as expected, negligible, and the LHY correction remains
attractive. However, whereas for contact interacting sys-
tems ∆µLHY ∝ −n1/21D [16], the density dependence in
dipolar condensates is radically different. For n1Da→ 0,
∆µLHY ∝ −n1D, whereas for growing n1Da, ∆µLHY de-
parts from the linear dependence (top inset of Fig. 2).
This is crucial for the physics of 1D droplets, as discussed
below.
For n1Da & 0.1, transversal excitations become signif-
icant. The LHY correction reaches a maximal negative
value at n1Da Ä 0.2, and then increases, becoming repul-
sive for n1Da > 0.42. For (n1Da) º 1, ∆µLHY ∝ n3/21D ,
i.e. the LHY correction becomes that expected for a 3D
3condensate [15]. This radical change in the nature of the
quantum correction for a condensate well within the 1D
regime constitutes a striking qualitatively novel feature
of quasi-1D dipolar gases.
Phase diagram.– We consider at this point an axially
un-trapped but possibly self-bound condensate, with an
axial width R º l⊥. In that case the use of the local
density approximation, i.e. substituting in Eq. (4) n1D by
n1D(z), is well justified since the momenta contributing
most to the LHY correction fulfill kRº 1. The resulting
generalized Gross-Pitaevskii equation is
µφ(z) =−~
2
2M
d2φ
d2z
+ φ(z)
{
µMF[n1D(z)] + ∆µLHY[n1D(z)]
}
(5)
with µ the chemical potential, and µMF[n1D(z)] =∫ dk
2pi V˜1D(k)n˜1D(k)eikz the mean-field interaction, with
n˜1D(k) the Fourier transform of n1D(z).
Figure 3 depicts the peak density for N =∫∞
−∞ dz n1D(z) = 5000 particles as a function of εdd and
l⊥/a (which must be º 1 to guarantee the 3D nature
of the scattering [25]). Neglecting quantum corrections,
the interactions are repulsive for εdd < 1 preventing any
self-bound solution (see Fig. 4), whereas for εdd > 1 the
attractive interactions lead to the formation of a soliton.
For sufficiently low densities, the effective LHY attrac-
tion results as in Bose-Bose mixtures [16] in the for-
mation for εdd ≤ 1 of self-bound droplets (see Figs. 3
and 4) that present a flat top profile (inset of Fig. 4).
Note that at εdd = 1, the mean-field contribution van-
ishes. The droplet acquires, however, a finite peak den-
sity, npeak1D a Ä 0.3 (inset of Fig. 4), at which ∆ELHY/N
is minimal (bottom inset of Fig. 2). Note that this min-
imum, and hence the universal peak droplet density at
εdd = 1, also results from the nontrivial role played by
the transversal degrees of freedom.
When εdd is lowered, the density decreases and the
system enters in the regime in which ∆µLHY ∝ −n1D.
Since the LHY correction and the mean-field energy have
an equal density dependence, the competition between
both energies crucial for quantum stabilization is absent,
and the system undergoes an abrupt droplet inflation into
the unbound solution. The latter must be compared to
the case of non-dipolar Bose-Bose mixtures, which are
characterized by a fixed dependence ∆µLHY ∝ −n1/21D .
As a result, the competition between mean-field energy
and LHY correction remains efficient in binary mixtures
even at very low densities, and hence the peak density
smoothly decreases within the mean-field unbound region
without any droplet inflation.
At εdd = 1 the system smoothly crossovers into the
soliton regime. For εdd > 1 the soliton density grows
smoothly for increasing εdd, and the LHY correction
changes eventually from attractive to repulsive. When
this occurs the soliton density is significantly lower than
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FIG. 3. Peak density forN = 5000 atoms as a function of l⊥/a
and εdd. At εdd > 1 (dashed vertical line) the droplet regime
smoothly crossovers into the soliton regime. When n1Da ¹
1, the anomalous density dependence of ∆µLHY results in
droplet melting. The solid line marks the point at which the
LHY becomes in average repulsive.
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FIG. 4. Peak density, npeak1D , of a 1D self-bound dipolar con-
densate of N = 5000 particles with l⊥/a = 65 as a function
of εdd. The dashed and solid curves depict, respectively, the
mean-field results, and those taking into account the LHY
correction. For a discussion of the different regions, see text.
In the inset we depict a typical flat-top droplet profile for
εdd = 1 with l⊥/a = 65 (solid) and 30 (dot-dashed).
that expected from mean-field theory (up to a factor of
2 in Fig. 4). Moreover, since for large-enough densi-
ties, ∆µLHY ∝ n3/21D , the effect of the LHY correction
remains relevant even far from the mean-field instability.
This must be compared to the case of Bose-Bose mix-
tures, where the ∆µLHY ∝ −n1/21D dependence renders
the LHY correction basically negligible within the soliton
regime. Note that for sufficiently large εdd > 1, eventu-
ally µ & ~ω⊥, and the condensate crossovers into the 3D
regime, where the repulsive LHY prevents collapse. This
would correspond to the elongated 3D macro-droplet
4regime recently explored experimentally [12]. The de-
scription of this crossover lies, however, beyond the scope
of this paper.
Three-body correlations.– Whereas in mean-field ap-
proximation three-body correlations fulfill g(3) =
1
n(þr)3 〈Ψˆ†(þr)3Ψˆ(þr)3〉 = 1, quantum corrections may sig-
nificantly correct its value, g(3) = 1 + ∆g(3), and
hence in turn the three-body loss rate. For homo-
geneous 3D non-dipolar condensates with density n3D,
∆g(3) Ä 64√
pi
(n3Da3)1/2 [18], as confirmed in recent ex-
periments [26]. As for the LHY correction, in 3D ho-
mogenous dipolar condensates, the correction of g(3) is
very similar: ∆g(3) Ä 64√
pi
(n3Da3)1/2(1 + Cε2dd), with
C Ä 0.3 [27]. Dipolar interactions hence introduce cor-
rections that may be sizable in current experiments with
magnetic atoms, but the density-dependence of g(3) is
identical to that of non-dipolar condensates.
The situation is radically different in 1D. For a 1D
non-dipolar condensate ∆g(3) = − 6pi
√
γ [28], with γ =
2a/n1Dl2⊥ ¹ 1. Three-body correlations are hence re-
duced by quantum effects, and the correction increases
for a decreasing density, since, counter-intuitively, 1D
systems are more strongly interacting the more dilute
they are. As for the LHY correction, the momentum de-
pendence of the dipolar interactions leads to a markedly
different density dependence in dipolar condensates. The
correction of g(3) averaged over the transversal degree of
freedom [29] may be evaluated from the LHY correction
using the Hellmann-Feynman theorem [21]:
∆g(3) ≡
∫ d3r
L
ψ(x, y)4∫
dx′ dy′ ψ(x′, y′)4
(
〈Ψˆ†(þr)3Ψˆ(þr)3〉
n(þr)3 − 1
)
= 6
n21DL
∂∆ELHY
∂g1D
= − 6
pi
√
γβ(εdd, n1Da), (6)
where β(εdd, n1Da) is depicted in Fig. 5. For small n1Da,
∆g(3) ∝ −nλ1D, with −1/2 < λ < 0. As for non-dipolar
condensates ∆g(3) remains negative and increases with
decreasing n1D, albeit with a significantly modified power
law. In contrast, when n1Da > 0.42, the growing role of
the transversal modes results into a change in the sign of
∆g(3), i.e. three-body correlations are enhanced rather
than reduced by quantum effects despite of the fact that
the condensate remains in the 1D regime. For n1Daº 1,
∆g(3) ∝ n1/21D , as expected for 3D condensates. This non-
trivial behavior of three-body correlations in quasi-1D
dipolar condensates may be probed in on-going experi-
ments with magnetic atoms using similar techniques as
those applied in non-dipolar quasi-1D condensates [26].
Conclusions.– The momentum-dependence of the
dipolar interactions leads to strikingly different quan-
tum effects in quasi-one-dimensional dipolar condensates
compared to their non-dipolar counterparts. In con-
trast to Bose-Bose mixtures, quantum stabilization is dis-
rupted in dipolar condensates at low densities due to the
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FIG. 5. (Color online) Correction of the three-body correla-
tions, β(εdd = 1, n1Da) = −∆g(3) pi6√γ .
modified density dependence of the LHY correction. As
a result quantum droplets only exist in a window of den-
sity values. Moreover, although the condensate remains
one-dimensional, the LHY may be crucially affected by
transversal modes, which induce a change from attrac-
tive to repulsive LHY correction at a critical density.
This change of character results in a significant reduc-
tion of the peak density of the soliton, as well as a mod-
ification of its shape. Hence quantum corrections should
be carefully considered in future studies of dipolar soli-
tons. Furthermore, the peculiar nature of quantum fluc-
tuations is also reflected in the beyond-mean-field cor-
rection of three-body losses, which also changes its sign
within the 1D regime for growing density. Our results
open intriguing questions about 2D dipolar condensates,
where we expect a similar non-trivial density dependence
of the quantum corrections, as well as about the role
of transverse modes in anharmonic transversal confine-
ments. This surprising physics of low-dimensional dipo-
lar condensates can be readily probed in current experi-
ments with magnetic atoms.
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Gases”, Phys. Rev. Lett. 90, 010401 (2003), doi:
10.1103/PhysRevLett.90.010401.
[29] Note that the three-body losses are proportional to
g(3)n(þr)2. Hence, the proper transversal average is per-
formed by averaging over ψ(x, y)4.
[30] doi: 10.5281/zenodo.823702
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DERIVATION OF EQUATION (2)
At this point we briefly comment on the calculation of
the interaction potentials Unr,n′r,m(k). The interaction
energy is of the form:
HI =
1
2
∫
d3r
∫
d3r′V (r − r′)Ψˆ(~r)†Ψˆ(~r′)†Ψˆ(~r′)Ψˆ(~r),
(1)
where ψˆ(~r) the bosonic annihilation operator for a parti-
cle at the position ~r, and V (~r) is the interaction potential,
containing both the short-range and dipole-dipole inter-
actions. We may then express Ψˆ in terms of the modes
(nr,m, k): Ψˆ(~r) =
∑
k
∑
nr,m
Rnrm(ρ)e
imφeikzaˆnr,m,k,
where the radial wave functions are
Rnr,m(ρ) =
(−1)n
l⊥
√
pi
√
n!
(n+m)!
(
ρ
l⊥
)m
Lmn
(
ρ2
l2⊥
)
e
− ρ2
2l2⊥ ,
(2)
with Lmn the Laguerre polynomials. Assuming a conden-
sate in (nr,m, k) = (0, 0, 0), the second-order contribu-
tion to the interaction Hamiltonian acquires the form:
H
(2)
I
L
=
1
2
∫
dk
2pi
∑
m
∑
n,n′
Unr,n′r,m(k)
(
2aˆ†nr,m,kaˆn′r,m,k + aˆ
†
nr,m,k
aˆ†nr,−m,−k + aˆnr,m,kaˆnr,−m,−k
)
, (3)
where
Unr,n′r,m(k)
g1Dn1D(2pil⊥)2
=
∫
kρdkρV˜ (kρ, k)λnr,m(kρ)λn′r,m(kρ),
(4)
where g1D = g3D/2pil
2
⊥, V˜ (kρ, k) = 1 + dd
(
3 k
2
k2+k2ρ
− 1
)
,
and we introduce the m-th order Hankel transform of
Rnr,m(ρ)R0,0(ρ):
λnr,m(kρ) =
∫
dρρRnr,m(ρ)R0,0(ρ)Jm(kρρ)
=
(−1)n(kρl⊥)2n+me−(kρl⊥)2/4
22n+m+1pi
√
n!(n+m)!
, (5)
with Jm the Bessel function of the first kind. Integrating
in Eq. (4) we obtain for dd = 1 Eq. (2) of the main text.
DERIVATION OF EQUATION (4)
Equation (4) of the main text is obtained extending
the arguments of Hugenholtz and Pines (HP) [1] to the
quasi-1D geometry under consideration. We introduce
the Green’s function, Gnr,n′r,m(k, t− t′)δ(k − k′)δm,m′ =
−i〈ψ0|Tˆ aˆnr,m,k(t)aˆ†n′r,m′,k′(t′)|ψ0〉, with Tˆ the time or-
dering operator, and aˆnr,m,k the annihilation operator
of a particle in the mode (nr,m, k). We apply the HP
formalism to obtain the relation:
E0
L
− µn1D
2
=∑
j
∫
dk
2pi
∫
C
−id
2pi
1
2
[+Enrm(k)]Gnr,nr,m(k, ), (6)
where n1D is the 1D density, L is the quantization
length, E0 is the ground-state energy, µ the chemical
potential, Gnr,nr,m(p, ) =
∫ +∞
−∞ Gnr,nr,m(k, t − t′)eit,
Enrm(k) = ~ω⊥(2nr+m)+~2k2/2M , and
∫
C
denotes in-
tegration over the upper half complex plane. This expres-
sion, which is the equivalent for our problem of Eq. (4.10)
of HP, is valid at any order in perturbation theory. As in
HP, the first order (LHY) correction beyond mean-field is
obtained by expressing the Green’s function as a function
of the Bogoliubov modes (obtained from Eq. (3) of the
main text). We obtain then the equivalent of Eq. (7.18)
of HP applied to our problem:
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2∆ELHY
L
− ∆µLHYn1D
2
=
∑
m
∫
dk
2pi
∫
C
−id
2pi
1
2
∑
nr
(+Enrm(k))
∑
ν
(
1
− ξν + iδ (~uν)
2
nr +
1
−− ξν + iδ (~vν)
2
nr
)
=
1
2
∑
m
∫
dk
2pi
∑
ν
∑
nr
[Enrm(k)− ξν ] (~vν)2nr , (7)
which is Eq. (4) of the main text.
DERIVATION OF EQUATION (6)
Let ψˆ(~r) = ψ0(~r) + δˆψ(~r), with ψ0(~r) = 〈ψˆ(~r)〉 the
condensate wavefunction, and δˆψ(~r) the fluctuations. Up
to first non-vanishing order in the quantum fluctuations,
we may express:
〈ψˆ†(~r)2ψˆ(~r)2〉 ' n(~r)2 + n(~r)W (~r), (8)
〈ψˆ†(~r)3ψˆ(~r)3〉 ' n(~r)3 + 3n(~r)2W (~r), (9)
with n(~r) = 〈ψˆ†(~r)ψˆ(~r)〉 and W (~r) = 〈δˆψ(~r)2+ δˆψ†(~r)2+
2δˆψ
†
(~r)δˆψ(~r)〉 Hence:∫
d3r n(~r)2
[
〈ψˆ†(~r)3ψˆ(~r)3〉
n(~r)3
− 1
]
=3
∫
d3r
(
〈ψˆ†(~r)2ψˆ(~r)2〉 − n(~r)2
)
=6
∂∆ELHY
∂g3D
, (10)
where in the last equality we employed the Hellmann-
Feynmann theorem. We may approximate in the top
line of Eq. (10) n(~r) ' |ψ0(~r)|2 = R00(ρ)2/L. Using the
definition of g1D we then obtain Eq. (6) of the main text.
[1] N. M. Hugenholtz and D. Pines, Phys. Rev. 116, 489
(1959).
